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1 Introduction

A well celebrated, fundamental inequality for a convex function f is the classical Hermite-Hadamard’s

inequality:
b b b
f<(l-2i- > < biaL f(;v)d:r SM’ (1]_)

where a,b € R with a < b.

It was first suggested by Hermite in 1881. But this result was nowhere mentioned in literature and was
not widely known as Hermite’s result. A leading expert on the history and theory of complex functions,
Beckenbach [2], wrote that the inequality (1.1) was proven by Hadamard in 1893. In general, (1.1) is now
known as the Hermite-Hadamard inequality. It has several extensions and generalizations for univariate
and multivariate convex functions and its classes on classical intervals.

The concept of the theory of time scales was initiated by Stefen Hilger (see [10]) in order to unify and extend
the theory of difference and differential calculus in a consistent way. In this theory, the delta and nabla
calculus are introduced. A linear combination of these delta and nabla dynamics, the diamond-« calculus
on time scales was developed by Sheng et al.[I2]. Since the advent of this notion, several authors have
extended the classical Hermite-Hadamard inequality (1.1) to time scales via the diamond-alpha dynamic
calculus for univariate convex functions (see Dinu[5]) and the references therein.

Recently, Fagbemigun and Mogbademu [6] introduced the time-scaled version of some classes of convex
functions, including a more generalized class of ¢p-convex function on time scales as given below:

Definition 1.1. [6] Let A : Jy C T — R be a nonzero non negative function with the property that h(t) > 0
for all ¢t > 0 and ¢ be a given real valued function with ¢(¢t) = t. A mapping f : It — R is said to be
¢p-convex on time scales if

F0ta) + (=20t < (757) 166 + (=) o) (12)

for s €10,1],0< A <1and z,y € I.
Remark 1.1.

(i) If s=1, h(A) =1 and ¢(x) = =, then f € SX(Ir), i.e, f is convex on time scales (see [3]).

(i) If s = 1, h(\) = 1, where A = 1 and ¢(z) = , then f € J(I7) is mid-point convex on time scales (see
[6])-

(iii) If s =0 and ¢(x) = =, then f € P(Ir) is P-convex on time scales (see [6]).
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(iv) If h(A\) = A5+T and ¢(z) = z, then f € SX(h,Ir) is h-convex on time scales (see [6]).
(v) If s =1,h(N\) = 23/A(1 — A) and ¢(x) = x, then f € MT(I1) is MT-convex on time scales (see [0]).

In a more recent paper, the authors [7] introduced a more general calculus of diamond-¢;, dynamics for a
single variable function on time scales as follows;

Definition 1.2. [7] Let h: Jy C T — R be a real valued function, with the property that h(t) > 0 for all
t > 0. The diamond-¢;, dynamic derivative of a function f: T — R in ¢ € T is defined to be the number
denoted by f°¢n—=7 (t)(when it exists), with the property that for any e > 0, there is a neighbourhood U
of m such that, foralln € U, 0 < s < 1and 0 <\ <1, with pym, = o(m) —n and vy, = p(m) —n, where
m,n € ’JI",;, then,

2N o) = fo)ven + R o)) — F@) b
‘(h()\)) <h(1 A)

— [ (A(t) tmnVmn| < €llmnVimn|- (1.3)

Definition 1.3. [7] The diamond-¢;, integral of a function f : T — R from a to b, where a,b € T is given

by;
y / F(6(8)) 00, ¢ —( ) / 76 At+(h(11‘_§))s /abfw(t))w, (1.4

for all s € [0,1], A € [0,1] and h(t) > 0 V¢t > 0 provided that f has a delta and nabla integral on [a, b]T or
Ir.

Remark 1.2.
(i) The inequality (1.4) reduces to the diamond-« integral defined by Sheng et al. [12], if ¢(z) = z,s =1,

h(A) =1 and XA = a. Thus, every diamond-« integrable function on T is diamond-¢,, integrable but
the converse is not true (see [7]).

(ii) If f is diamond-¢y, integrable for 0 < s <1, and 0 < A < 1, then f is both A and V integrable.

The inequality (1.1) was equally extended to time scales by the authors [7], using the new class of univariate
¢p-convex function of [6] to obtain several generalizations of the Hermite-Hadamard inequality on time
scales. We present one of such results

Theorem 1.1. [7] Suppose that
(i) f: It — R is a continuous ¢p-convex function on Ir;
(ii) p,q € (0,1), such that p+ ¢ = 1;

g € C(It,R) is symmetric with respect to pa + gb = v on
[a,b], for all a,b € Ir, that is,

g(v — qt) = g(v + pt), for all t € [0,b — a].
Then
N 17 (6(1)) o), t f f(o B(t)) 0gy T
f(po(x) +q9(y)) <p f"y (t Yoo, 1 +q fw 00) o0 1
< pf(o(@)) + af (¢(y)). (1.5)

The two-variable time scales delta, nabla and diamond-« calculi were introduced by Albrandth and Morian[T],
Bohner and Guseinov [3 4], Guseinov[9] and Ozkan and Kaymakgalan [11] respectively.

Ozkan and Kaymakgalan [I1] gave the following definition of a partial ¢, derivative;
Definition 1.4. [I1] Let f be a real-valued function on Ty x To. We say that f has a partial ¢,, derivative

%ﬂ?)(with respect to t1) if for each € > 0, there exists a neighbourhood Ut; (open in the relative topology

of T1) of ¢; such that
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ar[f(o1(t1), t2)—f(s,ta, ) pt1s+(1—ar)[f(p1(t1), t2)—f(s, ta)|vtrs— fO1 (t1, ta)ptrsvtis| < e|utisvtys| (1.6)

for all s € Uty, where Utyms = o1(t1) — s,vt1s = p1(t1) — s.
The ¢,, partial derivative was respectively defined (see [LI]).

Motivated by the recent results of these authors; Fagbemigun and Mogbademu [6], Fagbemigun et al. [7] and
Ozkan and Kaymakgalan [TT], we discuss the following new concepts of Fagbemigun and Mogbademu [g].

2 Preliminaries

In the sequel, we shall need the following new definitions recently introduced in [§].

Let Ty and Ty be two time scales with Ty x Ty = {(z,y) : € T1,y € T2} which is a complete metric space
with the metric d defined by

d((z,9),(z,y) = (@ =2V +@y—y))2, ¥V (2,y)(a,y)eTixTs.

Let oy, pi, (i = 1, 2) denote respectively the forward jump operator, backward jump operator, and the
diamond-¢;, dynamic differentiation operator on T;.

Nl=

Definition 2.1.[8] Let f be a real-valued function on Ty x Ta, h : Jy C T — R a nonzero non negative

function with the property that h(¢) > 0 for all ¢ > 0 and ¢ be a given real valued function. f is said to

W(Wrt t1), at (t1,t2) € Ty x Toq, if for each € > 0, there exists a
h’1

neighbourhood Ut; of ¢; such that

(7)) [F(r(t), ) = £ (m, ta, ) tam

have a partial o(4,), derivative

" <h(11_AA)) 1[f(p1(t1)7 ta) = f(m,ta)lvtim — fo@1 (gt t2)) ptymutim

< €|lutymutym], (2.1)
for s €[0,1],0 < A <1 and for all m € Uty, where Utym = o1(t1) — m, vtym = p1(t1) — m.

Definition 2.2.[8] Let f be a real-valued function on Ty x Te and h : Jy C T — R an increasing function

with the property that h(t) > 0 for all £ > 0. f is said to have a "partial o(4,), derivative” W(Wrt
hla "2

ta), at (t1,t2) € Ty x Ta, if for each € > 0, there exists a neighbourhood Uts of t3 such that

‘(ﬁ)z[f(th oa(ta2) — f(t1, m)|utam

1—x \° .
i h(1—X) [f(trs pa(ta) = f(tr, m)lwtzm — f2@02(g(tr, t2))utamutzm
2
< €|lutomutam|, (2.2)

for s €[0,1],0 < XA <1 and for all n € Uty, where Utam = o2(t2) — m,
vitom = pa(ta) —m.

These derivatives are also denoted by f°©n)1(¢(t1, t2)) and fn)2 (¢(t1, t2)) respectively.
Before we define the double diamond-¢;, dynamic integral, we shall employ the following remark of [3].

Remark 2.1. Let f be a real-valued function on Ty x Ts. If the delta (A) and nabla (V) integrals of f
exist on Ty x To, then the following types of integrals can be defined:

(i) AA-integral over R? = [a,b) X [c, d), which is introduced by using partitions consisting of subrectangles
of the form [a, 8) x [v,0);
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(ii) VV-integral over R' = (a, b]x (¢, d], which is introduced by using partitions consisting of subrectangles
of the form (a, ] x (v, d];

(iii) AV-integral over R? = [a, b) x (¢, d], which is introduced by using partitions consisting of subrectangles
of the form [a, 8) x (7, d];

(iv) VA-integral over R® = (a,b] x [¢, d), which is introduced by using partitions consisting of subrectangles
of the form (a, ] x [y, ).

Now let U(f) and L(f) denote the upper and lower Darboux A-integral of f from a to b ; U(f) and L(f)
denote the upper and lower Darboux V-integral of f from a to b respectively. Given the construction
of U(f) and L(f), which follows from the properties of supremum and infimum, we give the following
definition.

Definition 2.3. Let f be a real-valued function on Ty X Ty, A : J7 C T — R a nonzero non negative
function with the property that h(t) > 0 for all ¢ > 0 and ¢ be a given real valued function. If f is
A-integrable on R? = [a,b) X [¢,d) and V-integrable on R' = (a,b] x (c,d], then it is o4, -integrable on
R =[a,b] X [¢,d] and

)\ S
[ 1666019 00, 00 00, 600 = (755) [ [ 106t 1216022000

1—Xx \°
*(M) / | (0 K)V16(t) Va0 k), (2.3)

for all s € [0,1],0 <A <1andtkeJy.
Since U(f) > L(f) and U(f) > L(f), we obtain the following result.

Theorem 2.1. Let f be a real-valued function on Ty x To, A : Jp C T — R a nonzero non negative function
with the property that h(¢) > 0 for all £ > 0 and ¢ be a given real valued function. If f be ¢4, -integrable
on R = [a,b] x [c,d], provided its delta (A) and nabla (V) integrals exist, then

(i) If ¢5 =1, f is AA-integrable on R® = [a,b) x [c, d);

If ¢, = &, f is AA-integrable and VV-integrable on R° and R

(iii

)

(i) If ¢, = 0, f is VV-integrable on R! = (a,b] x (¢, d];
)
)

(iv) If ¢, = «, f is double ¢4-integrable on R = [a, b] X [¢, d].

3 Double integral inequalities of Hermite-Hadamard type for ¢;-
convex functions

Here, we obtain double integral inequalities of Hermite-Hadamard type in which upper and lower bounds

for the quantity
po1(t) + qo2(t)
*CL 70 / / ( p+q Cpn)1 4C(¢pn)2 Ps

are provided for the generahzed class of ¢p,-convex functions (1.2), defined on linear spaces of time scales.

Let Xt be a vector space over the time-scaled field K and let ¢(z),¢(y) be monotonically increasing
functions in X, ¢(z) # ¢(y). Let the segment generated by ¢(x), ¢(y) be defined by

[a,b] : {(1 = N)o(x) + A(y), A€ 0,1]}

We consider the function f : [z,y], C T — R and the attached function g(¢(z),é(y)) : [0,1] C T — R
defined by

9(0(2), 6(y))(6(N)) := FI(1 = No(z) + Ad(y)l, A € [0,1].
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Note that f is ¢p-convex on [z,y] if and ounly if g(¢(x), d(y)) is ¢p-convex on [0, 1].

The concept of ¢p-convexity in Definition 1.1 can be extended for functions defined on closed ¢p,-convex
subsets of the linear spaces in the same way as on classical intervals by replacing the interval It by the
corresponding closed ¢p-convex subset E of the linear space Xr.

It is well-known that if (X, || -||) is a normed linear space, then the function f(x) = ||z||?,p > 1 is convex
on X.

Using the elementary inequality (a + b)° < a® + b® that holds for any a,b > 0 and s € [0, 1], we have for
the function g(¢(x)) = ||¢(x)|| that

s000) + 1 =600 = (Isew)+ = owll)
< (sallo@in+ o=t ot >||)s
< (el + (s s0n)
< (i) s+ (=2 A) (16t
(it

_ (ha)) A) (6()).

for any z,y € X1, A € [0,1] and h a non zero non negative function with the property that h(t) > 0 for all
t > 0 and ¢(¢) be a monotonically increasing function on I, which shows that g is ¢p-convex on It. With
this concept, an equivalent definition to definition 1.1 is given as follows.

Definition 3.1. Let h be a non zero non negative function with the property that h(t) > 0 for all t > 0
and let ¢ be a monotonically increasing function. Then inequality (1.2) can be re-written as

; <p¢<x> + qqs(y)) - (i) fo(2) + (57)° fo(y)

p+q p+q

; (3.1)

for all p, ¢ > 0 with p+¢ >0, s € [0,1] and =, y € Ir.
We can now establish double Hermite-Hadamard-type integral inequalities for the class of ¢,-convex func-
tions on time scales linear spaces.

Theorem 3.1. Let h be a non zero non negative function with the property that h(t) > 0 for all ¢ > 0 and
let ¢ be a monotonically increasing function. Let E ¢p-convex set in a linear space of a time scale interval
Xr CTand f: EC Xt — R be an integrable ¢p-convex function with respect to the function ¢ defined
on the set E with ¢ Lebesgue integrable on [a, b]. X [¢,d]r.. Then, for any a,b,c,d > 0, with b > a,d > ¢
and for any a,b,c,d € E, s € [0,1], we have:

I(a,b;c,d) I(c,d;a,b)
f (@a)(dCWH (ba)<d0>¢<y>>

z) + qd(y)
bfa ,C / / ( p+q Con)1 49(¢n)2 P

St-ad—o! PTG aa—q! PW)

tabed= [ [ [(-2)o
R /a </c (p—|— Q> (n)2 q) ©(¢n)2 P>
I(c,d;a,b) = " L DN

) I k) - /al (/C (p+ q> (¢h)1 q)
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b pd (ﬁ)s
hp@bied) = [ [ 32 o, 6l 0. 60

and

h(q)
Ingg(c, d;a,b) / / o)1 (@) (), O(D),

p+q
for all p, ¢ > 0 with p+¢ > 0 and z,y € Xr.

Proof. Consider the function ge ()6 : [0,1] C T — R defined by ge(a),6(y)(A) = f(Ad(z) + (1 — N)d(y)).
This function is ¢p-convex on [0, 1] C T and by Jensen’s double integral inequality of real functions on time

scales, we have
b pd B
9o(z),¢(y) (/a /C (p n CI) Clon)1 4 °(dn)2 p)

1 b pd
< m/a /C 9o(w),6(y) <piq> O(gn)1 4 %(¢n)2 P> (3.3)
which is equivalent to
f f <p+q> on)1 4O(¢n)2 P 1 f: fcd (ﬁ) C(on)1 49(¢on)2 P
b-ad-o O T s aa-o )
f; fcd (p+q> 0(¢}z)1 q<>(¢h)2 ff fcd <p+q) 0(¢h)1 q<>(¢h)2
<f b= ad—0 o(x) + b—a)d=0) o(y)

By definition 3.1 and using a simple calculation, we have

f ff fcd (p+q) ()1 49(¢n)2 P () + f: fcd (#L]) ()1 49(¢n)2 P
(b—a)(d—c) (b—a)(d—c)

q
< _q
T (b=a)(d—¢) / / <p + q (@) + p+ q¢(y)) Ctn)1 §(en)a

/ / h(p) o(z) + (hgq)yczﬁ(y) O(em)r 4 (6n)s P
b—a —C p+q p+q (¢r)1 (¢n)2

which proves the first part of Theorem 3.1.

Under the same assumption of definition 3.1, f is ¢p-convex. Thus, integrating inequality (3.1) on the
rectangle [a, bl x [c, d]1, over ©(4,),q (4,), P gives

) +a9(y)
/ / < ptq C(pn)1 4C(pn)2 P

/ / P + (] C(dn)1 4 ()2 P
L B
b h(q)
) p+q Cpn)1 4 C(pn)2 Ps

and the second part of inequality (3.2) is satisfied.

Theorem 3.2. Let h be a non zero non negative function with the property that h(¢) > 0 for all t > 0
and ¢ a monotonically increasing function. Let E be a ¢p-convex set in a linear space of a time scale
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interval Xo C T and f : E C X1 — R be an integrable ¢p-convex function with respect to the function
¢p, defined on the set E with the mapping [0, 1] : ¢(A) — f((1 — N)¢p(x) + Ap(y)) Lebesgue integrable on
[a,b]r, X [¢,d]1,. Then for all p, ¢ > 0, ¢(z),d(y) € E with p+¢ >0, s € [0,1] and =,y € X,

an(y)s (250
—a( —c) /ab/d (f( p+q y)> +f(W)>°(¢h,)lq<>(m>2p
/

few) * [
= b—a)d—c) /0¢7h 19 9(¢n)2 P

Proof. By ¢,-convexity of f,

F0(a) + (1= N0(0) = (755 S0+ (5= ) S0 (3.4)
and Y Y
(L= N0t) + 300 < (=55 ) S0+ (5757) Fl60) (35)

for any 0 < A <1, and s € [0,1].
Adding (3.4) and (3.5) gives

FO@(x) + (1= AN)e(y) + (1= Né(x) + Ad(y))

< ((hg)) " (M)) F(6()) + ()] (36)

By choosing A = -t~ and 1 — A = m n (3.6), we obtain

f (pﬂé(ﬂf) +q¢(y)> L f (q¢(w) +p¢(y))

p+q p+q

<[z (s S[f(aﬁ(ar)) F(6w)] (3.7)
(h(;iq))+(h(;iq)) T

for any p,q > 0 with p + ¢ > 0. Then the double integrals

/ / ( )+ qo(y )) o P
ptg (Pn)1 (on)2
z) + pd(y)
/ / ( p+q ) (¢n)1 49(pn)2 P

exists since the mapping [0,1] : ¢(A) = f((1=X)p(x)+Ad(y)) is ¢p, Lebesgue integrable on [a, b]r. X [¢, d] fy-
Hence, integrating inequality (3.7) on the rectangle [a, b]r, X [c,d]r. over o(4,),q O(¢,), P giVes

b—a) —c// < ( pj:;m5 )>+f<W>)°(¢h)lq°(¢h)zp
S [ [ ()« () oo

and
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which is the second inequality of Theorem 3.2.

For the first part, we have, from the ¢j-convexity of f that for any ¢(z1), ¢(z2) € E, A = %, s=1, h(%) <1
Thus,
P(21) + ¢(22) 1
(P ) < s ) + s0t) 3:5)
Choosing ¢(z1) = W and  ¢(z) = w in (3.8), then for any p,q > 0, p+ ¢ > 0, we get
¢(z) + 6(y) 1 pé(z) +q9(y) 99(z) + po(y)
() s () () e

Integrating (3.9) on the rectangle [a, b]r, X [c,d]r. over o(4,),q 9(¢,), P gives the first part of Theorem 3.2.
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