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1 Introduction

We first consider the following definition used by S. S. Bhoosnurmath et al. in [IJ.

Definition 1. Let f(z) be a transcendental meromorphic function in the complex plane and let m(r, f),
N(r, f), T(r, f) have the usual meaning of Nevanlinna Theory. Let S(r, f) denotes any quantity satisfying
S(r, f) = o(T(r, f)) as 7 — oo except possibly a set of finite linear measure. Let aj(z) be meromorphic
functions in the plane satisfying T'(r,a;) = S(r, f) for j =1,2,...,n; as r — co. Then for a positive integer
J, by a monomial in f(z) we mean an expression of the form

M;(f] = a(2)[f ()" [f O @)™ [P ()]

where ngj, nij, ... , nkj are non-negative integers. We define d(M;) = Z?:o n;j as the degree of M;[f]
and Iy, = Efzo(i + 1)n;; as the weight of M;[f].

Next, we define a differential polynomial in f(z) as a finite sum of such monomials, i.e.,
n
Pl =) aj(2)M;[f]
j=1
Also, we define

d(P) = max{d(M;): 1 < j <n},
d(P) = min{d(M;) s 1< j <n

S

and
I'p =max{I'y; : 1 <j <n}
as the degree, the lower degree and the weight of P[f] respectively.

If in particular, d(P) = d(P), then P[f] is called homogeneous and otherwise it is called non-homogeneous.

The study on value distribution of differential polynomials of meromorphic functions is a prominent field
of research in Complex Analysis. A lot of research works [11 2, 4] [5] [7, [8] [9, [T0] have been done in this field
by several mathematicians during the past decades.

In [1I], Bhoosnurmath et al. proved the following theorems.
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Theorem 1.1. Let f(z) be a transcendental meromorphic function with

N )+ N 5) = S(r.f)
and let P[f] be a differential polynomial in f(z) of degree d(P) and lower degree d(P). Then

Theorem 1.2. Let f(z) be a transcendental meromorphic function with

n) = Stf)

and let P[f] be a differential polynomial in f(z) of degree d(P) and lower degree d(P). Suppose that P|[f]
does not reduce to a constant.

N(r, f)+ N(

a. If P[f] is a homogeneous differential polynomial, then we have
d(a, P[f]) =0
for any a # 0, i.e., P[f] assumes all finite complex values except possibly zero infinitely often.

b. If P[f] is a non-homogeneous differential polynomial with 2d(P) > d(P), then we have

2d(P) — d(P)

0(a, P[f]) <1—— 4P <1

for any a # 0, i.e., P[f] assumes all finite complex values except possibly zero infinitely often.
The proofs of Theorem [T.1] and Theorem [1.2] are based on the following three lemmas.

Lemma 1.1. [3] Let f(z) be a meromorphic function and P[f] be a differential polynomial with coefficients

a;(z) and degree d(P) and lower degree d(P). Then

m(r, Joepy) < d(P) = (P 5) + (5. )

Lemma 1.2. [6] Let f(z) be meromorphic and non-constant in the plane. Then there are positive constants
C1 and Cy such that

m(r, J},) < Cilogr + CylogT(r, f)

as r tends to infinity outside possibly a set E of finite measure.

Lemma 1.3. [I] Let f(z) be a meromorphic function with a pole of order p > 1 at z9. If P[f] is a
differential polynomial in f(z) whose coefficients are analytic at zo, then P[f] has a pole at zo of order at

most pd(P) +Tp — d(P).
Now we feel the need to find the answer of the simple and relevant query that what forms do the Theorem
and Theorem take for differential polynomials of two transcendental meromorphic functions instead

of just one. And to do that we first introduce the following analogous definition for homogeneous differential
polynomials formed with two transcendental meromorphic functions f and g.

Definition 2. Let f(z) and g(z) be two transcendental meromorphic functions and for positive integers
Jj=1,2,...,n; let a;(z) be meromorphic functions in the plane satisfying T(r,a;) = S(r, f) and T(r,a;) =
S(r,g) as r — oo. Then we define a monomial in f(z) and g(z) as an expression of the form

M;(f, 9] = a; ()LD (N [FE @) [g ()7 [gD ()]0 . [g ™ (2)] ™9
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where loj, l1j, ... , lkj, Mmoj, M1y, ... , Mp;j are non-negative integers. We define
k h
d(My) = L+ Y mi
i=0 i=0
as the degree of M;[f,g] and
k h
FMj = Z(Z + l)li]’ + Z(l + l)mij
i=0 i=0

as the weight of M;[f, g].

Also, we define a differential polynomial in f(z) and g(z) as a finite sum of such monomials, i.e.,
n
P(f.g] =Y a;(z)M;|f, g)- 1)
j=1

Here also we define

d(P) =max{d(M;):1<j<n

}
d(P) =min{d(M;):1<j<n}

and
FP = maX{FM]. 01 S] S Tl}

as the degree, the lower degree and the weight of P[f, g] respectively.
If in particular, d(P) = d(P), then P[f, g] is called homogeneous and otherwise it is called non-homogeneous.

In addition, for our convenience we define the followings:
k
d(P) = max{) ljj:1<j<n}
i=0

k
dp(P)=min{) L : 1< j<n}

i=0
h

dy(P) = max{z mi; : 1 <j <n}
i=0

and

h

d,(P)= min{z mi;:1<j<n}
i=0

In particular, if there exists at least one j(= ji, say) such that
k h
dp(P)=>"Lj and dg(P)=> mi, (2)
i=0 i=0
then

d(P) =d;(P) +dy(P).

Similarly if there exists at least one j(= j2, say) such that
k h
dp(P) = lij, and d,(P)=" mij,, (3)
i=0 1=0
then

d(P) = d;(P) + d,(P).

To clarify this particular scenario we can consider the following examples.
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Example 1. Let f and g be two transcendental meromorphic functions. We consider the differential
polynomial
P[f,g] = a1 Mi[f, 9] + a2 Ma[f, g] + asMs([f, g],

where

"

Milf.gl = ff (f)2g(d")2% Malf,gl = F2(f V()% Mslf.g=ff(f )% (4")>

Here we have,
dg(P) =5, dyg(P)=4, d;(P)=4, d,(P)=3, d(P)=9 and d(P)=T1.

Also, here we can see that j; = 2, which means both d;(P) and d,(P) are attained in Ms[f,g] and js = 3,
which means both d;(P) and d,(P) are attained in M3[f,g]. Hence P[f,g] satisfies equations @) and (@)
Also we observe that - - -

d(P) = dj(P) + dy(P)

and
d(P) = d;(P) + d,(P).

Example 2. Let f and g be two transcendental meromorphic functions. We consider the differential
polynomial

P[fag] = alMl[fag] +(12]\42[]0>g] +a3M3[fag]a

where

1" 1"

Mi[f. gl = ff (f)2e%d (¢")% Molf.gl= £ (f )e?d)% Mslf.g]=f2f (f )% (g

Here we have,

.

dg(P)=6, dy(P)=5, ds(P)=4, d,(P)=3, d(P)=10 and d(P)=38.

We see that d;(P) is attained in Ms[f, g] but d,(P) is attained in M[f,g], which means d;(P) and d,(P)
are attained in different monomials. Also here d;(P) is attained in M[f,g] and d,(P) is attained in
M;3[f,g]. So, in this case P[f,g] does not satisfy equation (3) and (3). Also

d(P) # ds(P) + dy(P)
and
d(P) # ds(P) +d,(P).

Example 3. Let f and g be two transcendental meromorphic functions. We consider the differential
polynomial
P[fag] = alMl[fag] +CLZJM-Q[JCMG] +a3M3[fag]a

where

1" ’ " ’ 1"

Milf.gl = 25 (F)29%(g)2% Mslf.g) = F2(f )2a%(9)2 Mslf.g) = F(f)2(f )2a9 (9")%

Here we have,

d;(P)=d;(P)=5 and d,(P)=d,(P)= 4.

In fact, all of d¢(P), dy(P), d;(P) and d,(P) are attained in each of the three monomials. Hence P[f,g]
satisfies equation (@ and (@ Here also we can observe that

d(P) =9 = ds(P) + dg(P)

and
d(P) =9 =d;(P)+d,(P),

i.e.,

d(P) = d(P),

which means P[f, g] is homogeneous in this case.



Journal of Nepal Mathematical Society (JNMS), Vol. 8, Issue 1 (2025); D. Banaragy, P. Pal

As mentioned earlier, our main goal is to extend the results of Theorem and Theorem [T.2]for differential
polynomials formed with two transcendental meromorphic functions instead of one meromorphic function
by imposing certain conditions. Further we see that some of these conditions are sufficient but not necessary.

Here we do not explain the standard notations and definitions of the value distribution theory as those are
available in [6].

2 Lemmas

In this section, we prove two lemmas which will be needed in the sequel.

Lemma 2.1. Let f(z) and g(z) be two non-constant meromorphic functions and P[f,g] be a differential
polynomial defined by equation with degree d(P) and lower degree d(P). If P[f,g] satisfies equations

(@ and (@ then

P - 1 1
S agy) < nld(P) = d(P)] . 5) + mr )]+ S0 )+ S0 ).
Proof. By Lemma [1.2]and the fact that T'(r,a;) = S(r, f) and T(r,a;) = S(r,g) for j = 1,2,...,n, we have
Plf.gl o 219 (2)M(f ]

@) = T G w )
. >y ai (2)[f ()] [FO ()] [fB) (2)] W [g(2)] ™o [g M) (2)] ™. [g M) (2)) ™

:m( 5 fJf(P)ng(P) )
o @) SPE) 1 00 9P 1,
=l S G gy I E o gy

1

x (f)gf(P)*Z?:o lij % (g)gg(P)*Z?:o mij>

- f ()

*®) (5 )4 () (
< S miray( L L o B

f(z) 9(2) 9(2)
1
x (f)czf(P)—E,’f:O lij % (g)JQ(P)_Z?:o m”)
F®(2) W(z)
f(z) 9(2)

(h)
9" (2) 1 1
)+ mir, (f)gf(P)_Ei';o Lij )+ mlr, (g)Jg(P)—Zi-L:o mij

i

)+ myym(E—l) + ..

)+ lgym(r,

)l +0(1)

< YA (P) = Sty ) + (dy(P) = Y- mig)m(r, )] + (5. 1) + S(r.9)

IN
=
~
3
|
QU
-
3
3
=
U
+
Q
3
|
(‘E—\
3
3
=
L
_l_
2
3
at
—+
n
=
&

4
=
Y
<
=
|
(s
Q
3
2
3

)+ 5(r, f) +8(r,9)

1 - 1 1
)+ mlr, )+ nldg (P) = do(P)[m(r, ) + m(r, 2]

+ S(r, f)+ S(r,9)

< nldf(P) — d;(P)][m(r,

~ |
i)

)+ mr, gn + 50 f) + S(r,g)
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O

Lemma 2.2. Let f(z) and g(z) be two non-constant meromorphic functions with a pole of order p and q
respectively at zo, where at least one of p and q is non-zero. If P[f, g] is a differential polynomial in f(z) and

g(z) whose coefficients are analytic at zg, then P[f, g] has a pole at zy of order at most (p+q)d(P)+T p—d(P)
Proof. P[f,g] being a differential polynomial in f(z) and g(z) is a finite sum of terms of the form

a; (@D )P (@) g ()™ [ ()] . [g ™ ()™,
where a;(z) is analytic at zo. Each of this term will have a pole at zy of order at most

max [{plo; + (p + Dlij + .. + (p + E)lij } + {gmo; + (g + L)maj + ... + (¢ + h)ma,}]

1<j<n

= lgl]aé(n{p(loj + llj + ..+ lkj) + (llj + 2l2j + ...+ klkj) + Q(moj + mij + ...+ mhj)

+ (mlj + 2m2j —+ ...+ hmhj)}

= wax [(p = D(loj + hy + 4 lig) +{loj + 205 + oo 4 (b + Dl }

+ (q — 1)(7’)7,0]‘ + mlj 4+ ...+ mhj) + {moj + 2m1j + ...+ (h + 1)mh]}]

K k h h
= max [(p— 1D L+ > (i+Dly+(g—1)> mi+ > (i +1)m;j]
i=0 i=0 i=0 =0

1<j<n
k h k h
<(p+q-1) 121%’2{; Lij + ;mzj} + 1?%{;(1' + 1)l + Zg(z + 1)miz}
=(p+q-1)dP)+Tp
=(p+qd(P)+Tp—d(P).
Hence P[f, g] has a pole at zy of order at most (p + ¢)d(P) +T'p — d(P). O

3 Main Results

In this section we present our main results of the paper.

Theorem 3.1. Let f(z) and g(z) be two transcendental meromorphic functions satisfying
1
N(T,f)-i—N(?“,?):S(T,f) (4)

and
N(r.g) + N(r, §> — 5(r,g) (5)

and let P[f, g] be a differential polynomial defined by equation with degree d(P) and lower degree d(P).
Also let P[f, g] satisfies equations () and (3). Then

T(r,Plf,g])

1imr~>+wm < (n+ 1)d(P) — nd(P).

Proof. The poles of P[f,g] can occur only at the poles of f and g or at the poles of the coefficients a;(z)
of P[f,g]. Now since a;’s are small functions of f and g, we can ignore the poles of the coefficients a;(z).
Hence, if zy be a pole of f and g of order p and ¢ respectively, then by Lemma we can say that P[f,g]
will have a pole at zg of order at most

(p+q)d(P) +Tp — d(P).
Thus we have,

N(r, P(f,g]) < d(P){N(r, ) + N(r,9)} + {Tp — d(P)H{N(r, f) + N(r,9)} + S(r. f) + S(r.9). ~ (6)
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Then by using , and @, we have

(S e) < N Pla) + NG ) + N )
< A(PYING )+ Nr,)} + {Tp — APV, £) + N(r,g))

+dy(P)N(r, %) + dg(P)N(r, ﬁ) + S(r, f)+ S(r, 9)
< (PN (. ) + N(r.)} + {Tp — d(P)HN (. £) + N(r.9))

+Ad(P)N(r, %) +d(P)N(r, é) + S0 f) + S(r, )

IN

< d(P)Y{N(r,f) +N(r,2)} +d(P ){N(T,g)+N(7’é)}

+{Cp — d(P)H{N(r, f) + N(r,9)} + S(r, f) + S(r, 9)
:S(T,f)-i-S(’l“,g). (7>

Thus by using First Fundamental Theorem, Lemma [2.1] and (7)), we have

M) + T(r, fgf(P)) + T (r, gtfg(P))
fas(P) gdq(P)

< mlr, )+ N e )+ 0y (YT )+ 4y (P (1.9

1
f
d(p

T(r,P[f, g]) <T(r,

1>+mwfn PYT(r, f) + d(P)T(r,g)

"7 d(
+5(r, f) +5(r,9)

e L )+ d(P)Tr ) +dP)T(r,g)

< n[d(P) - d(P)] x [m(r,

< nld(P) — d(P)] x [T(r,

- a f
7 + 50 1) + 5(.9)
= [(n+1)d(P) — nd(P)] x [T'(r, f) + T(r,g)] + S(r, f) + S(r.g). (8)
And finally inequality (8) implies that
TPl —
hmr%JrooW (n+1)d(P) — nd(P). (9)

O

Theorem 3.2. Let f(z) and g(z) be two transcendental meromorphic functions satisfying equations
and (@ respectively and let P[f,g| be a homogeneous differential polynomial. If P[f,g] satisfies equations
(@ and (@) and does not reduce to a constant, then

5(a, P[f,g]) =
for any a # 0.
Proof. We have from equation
T(r,Plf,g]) < K[T(r, f) +T(r,g)] +o(T(r, f)) +o(T(r,9)) = [K + o()|[T(r, f) + T(r,g)]).

Therefore

o(T(r, P[f,9]))

oK + o(][T(r, f) +T(r,9)]

o(T(r, f)) + o(T(r,9))

S(r, f) +5(r,9)- (10)

S(r, Pf, g])
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Again by using equations , , @ and 7 we have

N(r,Plf.g]) < d(P){N(r, f) + N(r,9)} + {Tp — d(P){N(r, f) + N(r,g)} + S(r, f) + S(r, 9)
STp{N(r,f)+N(r,9)} + S(r, f) + S(r,9)
<Tp{S(r, ) +5(r,9)} + S(r, f) + S(r, 9)
=5(r, /) +5(r,9)
= S(r, P[f, 9))- (11)

Also using First Fundamental Theorem, we have

1 _ dy(P) ,dg(P)
————— )+ N(r, fg%t
fdf(P)gdg(P) P[f, g}
1 Fir(P) gds(P)
r,—)+ 1T (r, ——m——
g T TR g

1 P[f,g]
") T )y,

) < N(r

IN

N(

< N( ) + O(1). (12)

Now by using Lemm , and since P[f, g] is a homogeneous differential polynomial, we have

P[f,g] ) = m(r P[f, 4] )+ N(r P[f, gl

" ST m) = ™ ST gd,  Far (P) gy (P)

< nld(P) - d(P)] x [m(r, §> +m(r, gn + 80, f) + S(r,9)

= S(r, P[f, g])- (13)
Hence using , , and (|13)), we can rewrite as
N(r. prj=r) < Nl 52)+ S(PIf.g)
< N(r.§)+ N 2) + S(r.Plf.g)
< S(r,P[f,g]). (14)

Now if a # 0, then by Second Fundamental Theorem, and , we have

T(r. PIf.g) < Nr. PIf.) + N =) + N i) + S(PLf 0]
< N(r prpg—) + S PIf gl

i.e.,

[1+o()]T(r, P[f,g]) < N(r, m

Thus we have for large r outside possibly a set E of finite linear measure

).

N(r, prg=a)
L= TG plrg) TS0
which gives
6(a, P[f,g]) = 0.
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Example 4. Let f(2) = e and g(z) = e~2* and consider the following homogeneous differential polynomial
in f andg.
Plf.gl = f(f")?q+ (f')°d

i.e.,

Now for a = 0, we have

Hence

N, prrg=)

3(a, PLfg]) = limyoc[l = o

=1

]

So, Theorem does not hold here as we have assumed a = 0. So, the condition that a # 0 in Theorem
32 is not redundant.

Now we can see the following examples which suggests that the conditions mentioned in Theorem are
sufficient but not necessary.

Example 5. Let f(z) = 32+2 and g(z) = 22+ 32 — 4 and consider the following homogeneous differential
polynomial in f and g.
Plf,gl=ff'g+ ()%
i.e.,
Plf,9] =3(32 +2)(2* + 32 — 4) + 9(22 + 3)
=92° + 3322 + 3.

Now for a = 3, we have

1 [ 1
————)=— [ log"t —— —do
B =a) " om /0 8 013310 1 3372210
1/%lo +¥d9—>0 as T — 00
o % 9r3 332 '

Hence

_ N 7"7%
d(a, P[f,g]) = lim, o[l — m]
=0.

So, Theorem[3.9 holds although f and g are not transcendental.

=22 and consider the following non-homogeneous differential

Example 6. Let f(z) = ze® and g(z) = e
polynomial in [ and g.

Plf.gl=ffg+ (')
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i.e.,

Plf, g] = ze*.(2¢* + €*).e” 2 + (ze*)(~2¢~%%)?
=z2(z+1) +42*
=4z 4+ 22+ 2.

Now for a =0, we have

1 1 27 1
Y= log™ : , —df
m(r, P[f, g] — CL) om A 0g |4r4e419 + 7‘26219 + 7"610‘

1 27
<= log" 5 — .
— 27 J & 47“4—r2—7“d9_>0 e
Hence
_ N(’I“ p;)
) > P[f,g]l—a
(a, P[f,g]) = limy o0 T(r, P[f,g)) |

=0.

So, Theorem holds although P[f,g] is non-homogeneous and a = 0.

—2z

Example 7. Let f(z) = ze* and g(z) = e and consider the following homogeneous differential polyno-

mial in f and g.
Plf.gl=ff'9+ f9g +2fg
i.e.,
P[f,g] = ze*.(ze* 4+ €7).e7 % + ze*.e 2%.(=2e7%%) + 2.z¢%.(e"%*)?
= 2(z41) — 2ze73* 4 2z¢737

222+z.

Here it is clear that P[f,g] neither satisfies (@ nor (@ Yet for any a, we have

m(r 1)—1/2W10+ 1 do
"Plf, 9] —a 27 0 8 [r2e2i0 4 reid — g
1 2
S o logt ————df — 0 as 7 — oo.
2m Jo r2 —r —|al
Hence
_ N(r P;)
1 ’ [fag]fa
5(a, P[f,g]) = lim,o0[l — ———1F——
(P = ieosoell = 76 P gl

=0.

So, Theorem 3.4 holds although P[f,g] does not satisfy (3) and (3.
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