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Abstract: In this paper, we have to find out the lower bound and upper bound of some class codes in the
finite ring R = Zy + uZso + u%Zs, where u® = 0, with Gray Mapping R — ZyZ, with respect to different
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1 Introduction

In the last decade, there have been many researchers doing research on code over finite rings. In [3], the
author was the first to develop the coding theory of finite commutative non-chain rings. Zs; is a special
type of ring and 2k is the ring of integers modulo 2k, k is a positive integer, worked very much interest in
codes over finite rings in recent years.

In[2] 4, 56, [7], the authors widely study the codes over Z, and get a good binary linear code and non-linear
code over the finite ring Z4 via the gray map.

In [13], the author studied the covering radius of binary linear codes over finite fields and the covering
radius is one of the important geometric parameters of codes. Recently, the covering radius of codes over
finite chain rings has been studied. In 1999, Sole et al gave many upper and lower bounds on the covering
radius of a code over Z, with different distances.

In [10], the author studied the covering radius of codes over Zs + uZs with u? = 0. The author gave
some lower bound and upper bound on the covering radius of codes over Z4 and Zs + uZo [8, [9, [I1].
The Generalized Lee weight and Lee weight are the element x € R is analogous to the definition of the
Generalized Lee weight and Lee weight of the elements of the ring Zs [12] [16], [17].

In continuation of the above work. I have given some results on the covering radius of codes in R =
Zo + uZs + u*Zs being the finite ring. Consider the elements of ring {0, 1, u, v, u?, v?, uv,v3}, where u® =
0,v=1+uu?=2u,v?>=1+uv?uww =u+u?v>=1+u+u? and ZyZs = {00,01,02,03,10, 11,12, 13}.

That is, Gray Map R — Z2Z,.

2 Preliminaries

Let C be a linear code of length n in R is an additive subgroup of R™. An element of C'is called a codeword
of C. A matrix whose rows are the basis elements of a linear code C is said to be generator matrix of C.
The Hamming weight of C' is wty(C) = {wt(c)|c € C and ¢ # 0}. Let ¢1,¢2 € C and ¢; — ¢z € C. The
Hamming distance of C' is dg(C) = {d(c1,¢2)|c1,c2 € C and ¢; # co} = {wt(er — ¢a)|e1, 02 € C and ¢; #
co} = {wt(c)|lc € C and ¢ # 0} = wty (C).

Any code R is permutation equivalent to a code C' with generator matrix of the form
I, Aot Aoz Ags

G = 0 qu,l ’ILA12 UA13
0 0  u’l;, u?Ass
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where A;; are binary matrices for i > 0. A code with a generator matrix in this form is of type {ko, k1, k2}
and has 8k04%12%2 vectors [18§].

The Lee weights of the elements 0, {1,v,v?,v3}, {u,uv},u? of R are defined by 0,1,2,22 [17]. In[I], the
Generalized Lee weight of the elements x € R are given
0 if z=0
wtgr(z) =< 2 if x#£u?
4 if z=u?

and the Chinese Euclidean Weight of the elements x € R are given

0 if z=0,

1 if x=1,0%
wtep(zx) =< 2 if = =u,uv,

3 if z=wv,1?

4 if =’

in [15].
Th[e I}Jee7 Generalized Lee and Chinese Euclidean distances between the codewords ¢; and ¢y € R"™ are
defined as
dr(c1,c2) = wtp(c1 — ca),
dar(c1,c2) = wtgr(cr — ¢2)
and
dCE(C1, Cg) = wtCE(C1 — 62).

The minimum Hamming weight of C is wty (C') = min{wt(c)|c € C and ¢ # 0}. Similarly, the minimum
Lee, minimum Generalized Lee and minimum Chinese Euclidean weights of C' is the smallest non-zero
codeword of a code C.

The Gray map ¢ : R — ZyZ, is defined by ¢(0) = (0,0),¢(1) = (1,1),é(u) = (0,2), ¢(v) = (0,3), p(u?) =
(1,0), p(v?) = (0,1), p(uv) = (1,2) and ¢(v3) = (1,3). In general, a linear gray map ¢ from R"™ — Z2 x Z}
is the coordinates-wise extension of the function from R to ZoZ4.

Example 1. Let c =01 uw v € R be a codeword of code. Find Lee weight, Generalized Lee weight and
Chinese Fuclidean weight of c

1. dp(e)=dp (01 uv)=dp(0)+d(1)+dr(u)+dr(v) =0+1+2+42=5.
2. dGL(C) = dGL(O 1w ’U) = dGL(O) +dGL(1) erGL(u) +dGL(U) =04+2+2+4+2=6.
3. dCE(C) = dCE(O 1w ’U) = dce(O) +dCE(1) + dCE(U) +dCE(U) =0+14+24+3=6.

3 Covering Radius and Repetition Codes R

Let d be the distance of the codeword of a code C in R with respect to Hamming weight, Lee weight,
Generalized Lee weight and Chinese Euclidean weight. The covering radius of a code C' in R is given by

r4(C) = max {min {d(r, C)}} :

reRn | ceC
Computing covering radius of codes in R, for useful, the Mattson result in [I3].

Let C be the g-ary repetition code over a finite field F, = {ap = 0,1 = 1,0, 03, -+ ,q—1} and C =
{ala € F;}, where @ = aa - - - o and it’s the parameter of C' is an [n, 1, n] code. In [I4], the covering radius
of C'is L@J Using above result, it can be found that the covering radius of block of size n repetition

n n n

code [n(¢—1),1,n(g —1)] generated by G = [11---1agag - - a9 - Qq_10q—1 - - - Qg—1] IS L”((IT_UZJ, since it
will be equivalent to a repetition code of length (¢ — 1)n.
In R, there are two types of repetition codes of length n viz.

13



Journal of Nepal Mathematical Society (JNMS), Vol. 8, Issue 1 (2025); P. C. Pandian

n

1. unit repetition code Cj:[n,1,dg =n,d;, =n,dgr =n,dcg = n] generated by Gy = [11---1

2. zero repetition code Cyr : (n,2,dg = n,d;, = 4n,dgr, = 4n,dcg = 4n) generated by G;; =

——

[ u?---w?] and Cyrrp @ (n,4,dy = n,dp = 2n,dgr, = 2n,dcp = 2n) generated by Gy =

[uuvvwuv---uuv] or [uv u uv w---uwv ul. The code generated by [u w---u] and [uv uv---uv] are
equivalent to the code Cjyy.

Theorem 3.1. 1. r.(Cp) = 37”7
2. r.(Cr1) =2n and
3. n< TL(C]][) < 2n.

Proof. If x € R™ with wg times 0’s, wy times 1’s, wy times 2’s, w3 times 3’s wy times 4's, ws times 5's, wg times
6's and wy times 7’'s in x and wp+w; +we+ws+wstws+ws+wr = n. The code ¢; € {a(Cr)|la € R}, i =0to 7.
Then

dr(z,c) = wtr(x—00---0)

Owo + 1wy + uwsy + vws + u?

wyq + uvws + v2w6 + v3w7

dL(I,Co) = n7w0+w2+3w41+w6.
dr(z,c1) = wtp(x—11---1)
= 3wy 4 0wy + lws + uws + vwy + vlws + uvwg + v3wr
dr(z,c1) = n—wi+ws~+ 3ws + wr.
Similarly,
dr(x,co) =n — ws + wp + wy + 3we,
dr(z,c3) =n — ws + ws + 3wy + wi,
dr(z,cq) =n —wy + 3wy + wo + we
dr(z,c5) =n — ws + wr + 3wy + ws,
dr(z,c6) =n —we + wo + 3ws + wy
and

dL({E7C7) =n—wr+wi+ 3(4)3 + Wws.

Therefore, d,(z,Cr) = min{dy(z, co), dr(z, ¢1), dr(z, c2),dr(x, c3), d(x, ca),
dL(fE,C5),dL((E,CG),dL((E,C7)}.
Since the minimum of data is less than or equal to the average of data and wg + w1 + wo + w3 + wq + w5 +
we + wr = n, implies dr(x,Cr) <n+ %’ = 37" Thus, r1.(Cr) < 37"
' ' . . t t
Let x:00~~-01;-"1uu--~uvv~~~vu2u2~~~u2v2v2~-~02
n—"7t
t —_——
twouv - uvv*v® - v® € R", where t = |2 |, then dp(z,c0) = n+4t, dp(z,c1) = 2n — 4t, d(z,c0) =
n+4t, di(x,c3) = 4n—20t, di(z,cq) = n+4t, dp(z,c5) = n+4t, dp(z,c6) = n+4t and d(x, c7) = n+4t.
Thus r1(Cy) > min{n + 4t,2n — 4¢,4n — 20t} = n + 4t > 32. Thus r(C) = 2.

n n

2 2

———
Let z = w?u?---u2000---0 € R™. The code Cr; = {a(u?u?---u?) | a € R"}. Then, r1,(Cr7) > 2n. If, x be
any word in R™. Therefore, r,(Cyr) < 2n and hence, r1,(Crr) = 2n.
o 3
For x = wu---u00---0 € R™ and the code ¢; € {a(Crr1)|o € R} generated by [uu---u] is an (n,4,2n)
code. Thus, by definition of covering radius r1,(Crrr) > n. Let « be any word in R™. Then r1(Cyrr) < 2n
and hence, n < rp(Crrr) < 2n.

O

Theorem 3.2. 1. rqr(Cr) = 2n,
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2. r¢(Crr) = 2n and
3. n S TGL(C[[[) S 2n.

Proof. The proof follows from the Theorem by using the generator matrices Gy, Gy and Gyr; with
Generalized Lee Weight.
O

Theorem 3.3. 1. reg(Cr) = 2n,
2. reg(Crr) = 2n and

3. TCE(C[[[) =N

Proof. The proof is the same as the proof of the Theorem and the generator matrices Gy, Gy and Gy
with Chinese Euclidean Weight.
O

4 Same Size of Blocks Repetition Code

n

A /—/%/—H
Let Gy =[11---1%0---00%0?% - 02 v%0? - ~v3] be a generated matrix for the four block repetition code each
of size n. The parameters of repetition code BRep?™ : [4n, 1,4n,4n,8n,8n]. Using the generated matrix
G, obtain

Theorem 4.1. Let C be a code over R generated by the matriz Gy, then r(BRep*™) = 6n,rqr(BRep*") =
8n and rcp(BRep™) = 8n.

Proof. In Theorem and [I3] and the given generator matrix G, we get
r(BRep™) > 6n (1)

Let © = (ug | ug | ug | ug) € R where uq, uz, uz, us € R™. Let us take in uy, 0 appears ro times, 1 appears
r1 times, 2 appears ro times 3 appears r3 times 4 appears r4 times, 5 appears rstimes, 6 appears rgtimes
and 7 appears rytimes, in us, 0 appears sy times, 1 appears s; times, 2 appears so times, 3 appears sg
times, 4 appears s4 times, 5 appears s5 times, 6 appears sg times and 7 appears sy times, in ug, 0 appears
to times, 1 appears t; times, 2 appears t, times, 3 appears t3 times, 4 appears t4 times, 5 appears t5 times,
6 appears tg times and 7 appears t7 times, in u4, 0 appears vy times, 1 appears vy times, 2 appears vg
times, 3 appears vz times, 4 appears vy times, 5 appears vs times, 6 appears vg times and 7 appear v
7 7

times, with Y~ => s, =n= > t; = > v; and ¢; € {a(G1)|a € R}. Then
i=0 i=0 i=0 i=0

dL(x,Co):4n—T0+7’2+3T4+T6—So+52+384+36—t0+8t+3t4—|—t6—1}0+U2+31}4+’U6,

dr(x,c1 dn—ri+r3+3rs +r7 —ss+s5 +3s7 + 51 —t5 + 17+ 3t +t3 — vy + v + 3vs + vs,
dr(x,co dn—r9g+ 19+ 14+ 316 — Sg + So + 352 + sS4 — to +tg + ta + 3tg — vg + Vg + Vs + V4,
dr(x,c3 dn—r3+rs+3r7+1r1 —s1 +s3+3s5 + 57—ty +11 + 3ts +t5 — v5 + v7 + 3v1 + v3,

dL Z,Cs 4717?”54’7”74’37"1+T3757+51+353+557t1+t3+3t5+t771}3+1}5+3’07+’017

dn —rg+ 1o+ 3ro + 14 — So + Sg + S4 + 356 — tg + to + 3to + 14 — vo + vg + v4 + 3vg,

(@,01) =
(z,c2) =
(z,c3) =
dr(x,cq4) =4n —rg+3rg+ 12+ 76 — S4 + 380 + S2 + S — ta + 3to + ta + t6 — v4 + 3vp + V2 + vg,
(z,05) =
dr(x,c6) =
)

dL(.Z‘ Cr *4R7T7+7‘1+3T3+T5755+S7+351+837t3+t5+3t7+t171}1+1}3+3’U5+1}7

Therefore, dy,(x, BRep*™) = min{dy (z, o), dr(z,c1),dr(z, c2),dr(z, c3), dr (2, cq),
dr(x,c5),dr(x,c6),dr(xz,c7)} is less than or equal to 6n.
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Then dr,(z, BRep**) < 6n and hence
r(BRep™™) < 6n (2)

By (|1) and , then rr(BRep™) = 6n.

Similarly,
rar(BRep*™) = 8n and rop(BRep?™) = 8n.
O
The three-block repetition code BRep®™ : (3n,4,2n, 6n, 8n) generated by
Go = [uu---wu u” - u”uv uv - - - u).
Theorem 4.2. Let C be a code over R generated by the matrix Go. Thenri,(BRep®") = 6n,rgr(BRep®") =
6n and rop(BRep3") = 4n.
Proof. Using, Theorem and [I3] and the given generator matrix G, the proof follows. O
Corollary 1. Let C be a code over R. Then
n n
1. G=[11---1Tu?u® - u?], then r,(BRep®) = 2, rg(BRep®™) = 4n and rcp(BRep™) = 4n.
n n
2. G=[11---1%u -~ u], then r,(BRep*") = 2, rq(BRep®™) = 4n and rcp(BRep®) = 3n.
n n n
3. G=[11---1%u- - au’u®---u?], then r(BRep®™) = & r(BRep®™) = 6n and
rci(BRep®™) = 5n.
AN e ——
4. G=[1---170- 00?0?0203 .03, then ri(BRep*™) = 6n,rqr(BRep*™) = 8n and
rog(BRep™) = 8n.
n /_jl% n
5. G =[uwu-—av?u®- v wv- - ud), then r(BRep®) = 6n,rcr(BRep®™) = 6n and
rog(BRep®™) = 4n.
n n n n N n /_,L
6. G=[1---1Tu---0ov---ou?u?---u?v*? - 0v* % wv---ud v*v® - - -], then r (BRep™) = 12n,
rar(BRep™) = 14n and rcp(BRep™) = 12n.
Proof. The Proof follows from Theorem Theorem [3.2] and Theorem [3.3 O

5 Different Size of Blocks Repetition Code

Two different size of block repetition code are defined as R (two different blocks of size m and n respectively):
BRep™*t™ : [m+n, 1, min{m, m+ n}, min{2m, 2m + 2n}, min{4m, 3m + 3n}, min{2m, 2m + 2n}] generated

m

—_——~—
by Gg = [11---Tuu?---u?].

In Corollary [I] can be easily generalized to two different length, using similar arguments to the following

Theorem 5.1. Let C be a code over R generated by the matriz G, then ri(BRep™t™) = 37’” + 2n,
raL(BRep™™) = 2m + 2n and rcp(BRep™t™) = 2m + 2n.

In four different blocks of repetition code of size m;, ms, ms and my in R, is BRep™:tmztmstmas .
[y +me+mg+myg, 1, {(m1+mao+ms+my), min{(mq +me+ms+my), 2(my +ma+mgz+my)}, min{2(m; +
mo + mg + ma), 4(m1 + ma + m3 + ma)}] generated by

ms3 my

m M2
——
Gy=[11---1%0-0v2? w23 P].
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Theorem 5.2. Let C' be a code and G4 be a generator matriz of C in R, so

3
TL<BRepm1+m2+m3+m4) = §(m1 +mo +mg + m4),

rar(BRep™ tmatmstma) — 9(my 4 my + ms + my),
=2

mi+ma+ms+my )

roe(BRep (mq + mg + ms3 + my).

Proof. Using Theorem it can be obtained. O

Corollary 2. Let C be a code over R generated by the following generator matrices with covering radius

ma mo

1. G= 11--~1M], then r,(BRep™ Tm2) = 371 4 9my,

raor(BRep™TM2) = 2my + 2msy and rogp(BRep™ ™ ™2) = 2my + msy.

my ma ms

A —_——~
G=[11--1%u au*u® - u?], then r(BRep™ Tm2tms) = 311 4 9(my + my),
rar(BRep™ T M2t ms) = 2(my + mgo + m3) and rog(BRep™ T2t Ms) = 2(my + ma) + ma.

mo
mi ms

A —_——~— ,.
G = [uu---vuu®---u? T uv---uvl, then rp(BRep™ T™2173) = 2(my + my + ms3),
ror(BRep™ Tm2tms) = 2(my + mgy + m3) and rep(BRep™ T2t M3) = my + 2mgy + ma.

m m m
mi ma m 4 5 me 7

3 e A — — e
N~ ——
G=[11---1%u--avv---ou?u?®---u?v*? - 0v* W wv - - uv v - 03],

7

> m;
then v, (BRepi=t ) = 6(m1 + ms + ms + m7) + 2my + 4(ma + mg),
7

> my
rar(BRepi=t ) =8(my + mg + ms + mz) + 2my + 4(mz + me) and

7

2 mi
TCE(BRE i=1 ) = 8(m1 + m3 +ms + m7) + 2my + 2(m2 + m6).

Proof. Using Theorem [5.1] and O

6

Conclusion

This work is for a finite ring with eight elements, that is the constructing new codes by concatenation are
ZoZ4 codes. The estimation of the lower bound and upper bound for each block repetition code in ZyZ,4 by
using different distance and also different types of length, same type of length. These codes can be applied
to complex situations encountered in all engineering fields. In future, I will extend this work to mix finite
rings Zy, Zyn(m > 2,n > 4) with all distance.
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